Introduction {#Sec1}
============

Controllability is one of the fundamental concepts in mathematical control theory, and it plays an important role in both deterministic and stochastic control systems. It is well known that controllability of stochastic delay differential systems is widely used in many fields of science and technology. The controllability of nonlinear deterministic systems represented by evolution equations in abstract spaces has been extensively studied by several authors (see \[[@CR2], [@CR3]\]). Stochastic delay differential system theory is a stochastic generalization of classical control theory.

In recent years, many mathematicians paid their attention to the existence of stochastic delay differential systems (see \[[@CR1], [@CR4]--[@CR6]\]). However, to the best of our knowledge, little seems to be known about Schrödinger--Brownian motions for stochastic delay differential systems.

In this paper, we consider the stochastic delay differential system with Schrödinger--Brownian motion (SDDSs): $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \textstyle\begin{cases} \mathfrak{X}_{s}=x+\int_{0}^{s} b(s,\mathfrak{X}_{s},\mathfrak{Y}_{s}, \mathfrak{Z}_{s})\,ds+\int_{0}^{s} h(s,\mathfrak{X}_{s},\mathfrak{Y} _{s},\mathfrak{Z}_{s})\,d\langle B\rangle_{s} \\ \hphantom{\mathfrak{X}_{s}=}{}+\int_{0}^{s}\delta (s,\mathfrak{X}_{s},\mathfrak{Y}_{s}, \mathfrak{Z}_{s})\,d\mathfrak{B}_{s}; \\ \mathfrak{Y}_{s}=\Phi (\mathfrak{X}_{S})+\int^{S}_{s} b(s, \mathfrak{X}_{s},\mathfrak{Y}_{s},\mathfrak{Z}_{s})\,ds+\int^{S}_{s} h(s, \mathfrak{X}_{s},\mathfrak{Y}_{s},\mathfrak{Z}_{s})\,d\langle B\rangle _{s}-\int^{S}_{s} \mathfrak{Z}_{s}\,d\mathfrak{B}_{s} \\ \hphantom{\mathfrak{X}_{s}=}{}-(\mathfrak{K}_{S}-\mathfrak{K}_{s}), \end{cases} $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$\mathfrak{B}$\end{document}$. Under the Lipschitz assumptions on the coefficients *b*, *h*, and *σ*, Ren (see \[[@CR7]\]) proved the well-posedness of such equations with the fixed-point iteration. Moreover, Yan (see \[[@CR5]\]) studied the case when coefficients are integral--Lipschitz; Yan et al. (see \[[@CR6]\]) considered the reflected GSDEs with some good boundaries; Jiang and Usó (see \[[@CR1]\]) studied stochastic functional differential equation with infinite delay driven by Brownian motion.

It should be noticed that the coefficients of the equations are coupled with the solution of SSDDs ([1.1](#Equ1){ref-type=""}). The question is whether there is a unique global solution $\documentclass[12pt]{minimal}
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                \begin{document}$(\mathfrak{X}, \mathfrak{Y},\mathfrak{Z}, \mathfrak{K})$\end{document}$ for SSDDs ([1.1](#Equ1){ref-type=""}). However, the coefficients that appeared in their equations are special. Precisely, *b*, *h*, *σ*, *f*, *g* do not contain *Z*. Moreover, unfortunately, they proved that SSDDs in their paper just have a unique local solution under Lipschitz condition. In this paper, we use the method presented in \[[@CR1]\] and prove that there exists a unique weak solution for SSDDs ([1.1](#Equ1){ref-type=""}) with some monotone coefficients.

The rest of this paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we introduce some notions and results on the Schrödinger delay which are necessary for what follows. In Sect. [3](#Sec3){ref-type="sec"}, the existence theorem is provided.

Preliminaries {#Sec2}
=============

In this section, we introduce some notations and preliminary results on the Schrödinger delay (see \[[@CR8], [@CR9]\] for more details).
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                \begin{document}$\mathfrak{Y}\in L_{ip}(\Gamma_{S})$\end{document}$, (I)Monotonicity: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mathfrak{E}[\mathfrak{X}]\ge \mathfrak{E}[\mathfrak{Y}] $$\end{document}$$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathfrak{X}\le \mathfrak{Y}$\end{document}$.(II)Constant preserving: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mathfrak{E}[C]=C $$\end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$C\in R$\end{document}$.(III)Sub-additivity: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mathfrak{E}[\mathfrak{X}+\mathfrak{Y}]\le \mathfrak{E}[\mathfrak{X}]+ \mathfrak{E}[\mathfrak{Y}]. $$\end{document}$$(IV)Positive homogeneity: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mathfrak{E}[\lambda \mathfrak{X}]=\lambda \mathfrak{E}[\mathfrak{X}] $$\end{document}$$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda \geq 0$\end{document}$.

The triple $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\Gamma,L_{ip}(\Gamma_{S} ), \mathfrak{E})$\end{document}$ is called a sublinear expectation space and *E* is called a sublinear expectation.

Definition 2.1 {#FPar1}
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Next, we introduce the Itô integral of Schrödinger--Brownian motion.
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Lemma 2.3 {#FPar3}
---------
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                \begin{document}$$ \underline{\sigma }^{p}c_{p}\hat{\mathfrak{E}}\biggl[ \biggl( \int -0^{S} \vert \eta_{s} \vert ^{2}\,ds \biggr)^{ \frac{p}{2}}\biggr]\le \hat{\mathfrak{E}}\biggl[\sup _{0\le s\le S}\biggl\vert \int_{0}^{s}\eta_{s}\,d\mathfrak{B}_{s} \biggr\vert ^{p}\biggr]\le \overline{\sigma }^{p}C_{p} \hat{\mathfrak{E}}\biggl[\biggl( \int_{o}^{S}\vert \eta_{s} \vert ^{2}\,ds \biggr)^{\frac{p}{2}}\biggr], $$\end{document}$$ *where* $\documentclass[12pt]{minimal}
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Definition 2.4 {#FPar4}
--------------

Quadratic variation process of Schrödinger--Brownian motion defined by $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \int_{0}^{S}\eta_{s}\,d\langle \mathfrak{B} \rangle _{s}=\sum_{j=0}^{N-1} \xi_{j}\bigl( \langle \mathfrak{B} \rangle _{s_{j+1}}- \langle \mathfrak{B} \rangle _{s_{j}}\bigr):M_{G}^{0}(0,S)\to L _{G}^{1}(\Gamma_{S}). $$\end{document}$$

The mapping is continuous and can be extended to $\documentclass[12pt]{minimal}
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Lemma 2.5 {#FPar5}
---------
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                \begin{document}$$ \underline{\sigma }^{2} \hat{\mathfrak{E}}\biggl[\biggl( \int -0^{S} \vert \eta_{s} \vert \,ds\biggr)\biggr] \le \hat{\mathfrak{E}}\biggl[\sup_{0\le s\le S} \biggl\vert \int_{0}^{s}\eta_{s}\,d\langle B\rangle_{s}\biggr\vert \biggr] \le \overline{\sigma }^{p}C_{p}\hat{\mathfrak{E}}\biggl[\biggl(\int_{o}^{S} \vert \eta_{s} \vert \,ds \biggr) \biggr] $$\end{document}$$ *and* $$\documentclass[12pt]{minimal}
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                \begin{document}$C^{\prime }_{p} >0$\end{document}$ *are constants independent of* *η*.

Lemma 2.6 {#FPar6}
---------
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Main result and its proof {#Sec3}
=========================

In this section, we consider the existence of the weak solution $\documentclass[12pt]{minimal}
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Definition 3.1 {#FPar7}
--------------
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Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u:=(x,y,z),A(s,u):=(-g(s,u),h(s,u),\sigma (s,u))$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[\cdot, \cdot]$\end{document}$ denotes the usual inner product in a real number space and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\vert \cdot \vert $\end{document}$ denotes the Euclidean norm.

In the sequel, we will work under the following assumptions. For $\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl\Vert f\bigl(s,u^{1}\bigr)-f\bigl(s,u^{2}\bigr) \bigr\Vert \lor \bigl\Vert b\bigl(s,u^{1}\bigr)-f\bigl(s,u^{2} \bigr) \bigr\Vert \lor \bigl\Vert A\bigl(s,u^{1}\bigr)-A\bigl(s,u^{2}\bigr) \bigr\Vert \le C_{1} \bigl\Vert u^{1}-u^{2} \bigr\Vert $$\end{document}$$ and $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \bigl\Vert \Phi \bigl(x^{1}\bigr)-\Phi \bigl(x^{2}\bigr) \bigr\Vert \le C_{1}\bigl\Vert x^{1}-x^{2} \bigr\Vert ; $$\end{document}$$For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u^{1},u^{2}\in R^{3}$\end{document}$, there exists a positive constant *C* such that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \bigl[ A\bigl(s,u^{1}\bigr)-A\bigl(s,u^{2} \bigr),u^{1}-u^{2}\bigr] \le -C\bigl\Vert u^{1}-u^{2} \bigr\Vert ^{2}, \\& \bigl(-f\bigl(s,u^{1}\bigr)-(-f) \bigl(s,u^{2}\bigr)\bigr) \bigl(x^{1}-x^{2}\bigr) \le -C\bigl\Vert x^{1}-x^{2} \bigr\Vert ^{2}, \\& \bigl(b\bigl(s,u^{1}\bigr)-b\bigl(s,u^{2}\bigr) \bigr) \bigl(y^{1}-y^{2}\bigr)\le -C\bigl\Vert y^{1}-y^{2} \bigr\Vert ^{2} \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
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The following lemma plays a crucial role in establishing our main result.

Lemma 3.2 {#FPar8}
---------
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                \begin{document}$$ \textstyle\begin{cases}\,d\mathfrak{X}_{s}=(-\mathfrak{Y}_{s}+\beta_{s})\,ds+(-\mathfrak{Y}_{s}+ \gamma_{s})\,d\langle B \rangle _{s}+(-\mathfrak{Z}_{s}+\lambda _{s})\,d\mathfrak{B}_{s}, \\ d\mathfrak{Y}_{s}=(-\mathfrak{X}_{s}+\varphi_{s})\,ds+(-\mathfrak{X} _{s}+\phi_{s})\,d\langle B \rangle _{s}+\mathfrak{Z}_{s}\,d\mathfrak{B}_{s}+d\mathfrak{K}_{s}, \\ \mathfrak{X}_{0}=x,\mathfrak{Y}_{S}=\mathfrak{X}_{S}+\xi \end{cases} $$\end{document}$$ *has a solution* $\documentclass[12pt]{minimal}
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Proof {#FPar9}
-----

We consider the following linear SSDDs: $$\documentclass[12pt]{minimal}
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By Lemma [2.3](#FPar3){ref-type="sec"}, it has an explicit solution $$\documentclass[12pt]{minimal}
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Since all of the coefficients satisfy the Lipschitz condition, then by Theorem 1.2 in \[[@CR11]\] and Proposition 4.1 in \[[@CR12]\], it has a unique weak solution $\documentclass[12pt]{minimal}
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The following assertion is the main result of the present paper.

Theorem 3.3 {#FPar10}
-----------

*Let assumptions* (H1)--(H3) *hold*, *and for given* $\documentclass[12pt]{minimal}
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Proof {#FPar11}
-----
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                \begin{document} $$\begin{aligned}& b^{\alpha }(s, x, y, z)=\alpha b(s, x, y, z)+(1-\alpha ) (-y), \\& \sigma^{\alpha }(s, x, y, z)=\alpha \sigma (s, x, y, z)+(1- \alpha ) (-z), \\& h^{\alpha }(s, x, y, z)=\alpha h(s, x, y, z)+(1-\alpha ) (-y), \\& (-f)^{\alpha }(s, x, y, z)=-\alpha f(s, x, y, z)+(1-\alpha ) (-x), \\& (-g)^{\alpha }(s, x, y_{)}z)=-\alpha g(s, x, y_{)}z)+(1-\alpha ) (-x), \\& \Phi^{\alpha }(x)=\alpha \Phi (x)+(1-\alpha )x. \end{aligned}$$ \end{document}$$
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Actually, by iterating and the assumptions of the theorem, it is easy to see that this equation has at least one solution $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \hat{u}^{i+1}=\bigl(\hat{\mathfrak{X}}^{i+1},\hat{\mathfrak{Y}}^{i+1}, \hat{\mathfrak{Z}}^{i+1} \bigr)=u^{i+1}-u^{i}, \\& \hat{f}\bigl(s, u_{s}^{i}\bigr)=f\bigl(s, u_{s}^{i}\bigr)-f\bigl(s, u_{s}^{i-1} \bigr), \qquad \hat{b}\bigl(s, u_{s}^{i}\bigr)=b\bigl(s, u_{s}^{i}\bigr)-b\bigl(s, u_{s}^{i-1} \bigr), \\& \hat{\mathfrak{K}}_{s}^{i+1}=\mathfrak{K}_{s}^{i+1}- \mathfrak{K}_{s} ^{i}\quad \mbox{and}\quad A^{\alpha }= \bigl((-g)^{\alpha }, h^{\alpha }, \sigma^{\alpha }\bigr). \end{aligned}$$ \end{document}$$

Using the convexity of the norm and ([3.4](#Equ6){ref-type=""}), we deduce that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\Vert v_{n}-\hat{u} \Vert ^{2} \\ &\quad =\bigl\Vert P_{S_{i}}\bigl[(1-\mathfrak{Y}_{n})u_{n}-\mathfrak{Z}_{n}f^{*}fu _{n}\bigr]-P_{S_{i}}[\hat{u}-tG*G\hat{u}\bigr\Vert ^{2} \\ &\quad \le \bigl\langle (1-\mathfrak{Y}_{n})u_{n}-\mathfrak{Z}_{n}f^{*}fu _{n}-\bigl(\hat{u}-\mathfrak{Z}_{n}f^{*}f\hat{u}\bigr),v_{n}-\hat{u}\bigr\rangle \\ &\quad =\frac{1}{2}\bigl(\bigl\Vert u_{n}-\mathfrak{Z}_{n}f^{*}fu_{n}-\bigl(\hat{u}-\mathfrak{Z}_{n}f^{*}f\hat{u}\bigr)-\mathfrak{Y}_{n}u_{n} \bigr\Vert ^{2}+ \Vert v_{n}-\hat{u}\Vert ^{2} \\ & \quad \quad {}-\bigl\Vert (1-\mathfrak{Y}_{n})u_{n}-\mathfrak{Z}_{n}f^{*}fu_{n}-\bigl( \hat{u}-\mathfrak{Z}_{n}f^{*}f\hat{u}\bigr)-v_{n}+\hat{u}\bigr\Vert ^{2}\bigr) \\ &\quad \le \frac{1}{2}\bigl(\Vert u_{n}-\hat{u}\Vert ^{2}+2\mathfrak{Y}_{n} \Vert {-}u_{n}\Vert \bigl\Vert u_{n}-\mathfrak{Z}_{n}f^{*}fu_{n}- \bigl( \hat{u}-\mathfrak{Z}_{n}f^{*}f\hat{u}\bigr) - \mathfrak{Y}_{n}u_{n}\bigr\Vert \\ & \quad \quad {}+\Vert v_{n}-\hat{u}\Vert ^{2}-\bigl\Vert u_{n}-v_{n}-\mathfrak{Z} _{n}f^{*}f(u_{n}- \hat{u})-\mathfrak{Y}_{n}u_{n}\bigr\Vert ^{2} \bigr) \\ &\quad \le \frac{1}{2}\bigl(\Vert u_{n}-\hat{u}\Vert ^{2}+\mathfrak{Y}_{n}M+ \Vert v_{n}-\hat{u} \Vert ^{2}-\Vert u_{n}-v_{n}\Vert ^{2} \\ &\quad \quad {} +2\mathfrak{Z}_{n} \bigl\langle u_{n}-v_{n},f^{*}f(u_{n}- \hat{u}) \bigr\rangle \\ & \quad \quad {}+2\mathfrak{Y}_{n} \langle u_{n},u_{n}-v_{n} \rangle -\bigl\Vert \mathfrak{Z} _{n}f^{*}f(u_{n}- \hat{u})+\mathfrak{Y}_{n}u_{n}\bigr\Vert ^{2} \bigr) \\ &\quad \le \frac{1}{2}\bigl(\Vert u_{n}-\hat{u}\Vert ^{2}+\mathfrak{Y}_{n}M+ \Vert v_{n}-\hat{u} \Vert ^{2}-\Vert u_{n}-v_{n}\Vert ^{2} \\ & \quad \quad {}+2\mathfrak{Z}_{n}\Vert u_{n}-v_{n} \Vert \bigl\Vert f^{*}f(u_{n}- \hat{u})\bigr\Vert +2 \mathfrak{Y}_{n}\Vert u_{n}\Vert \Vert u_{n}-v _{n}\Vert \bigr) \\ &\quad \le \Vert u_{n}-\hat{u}\Vert ^{2}+ \mathfrak{Y}_{n}M-\Vert u_{n}-v _{n}\Vert ^{2} \\ & \quad \quad {} -\Vert u_{n}-v_{n}\Vert ^{2}+4 \mathfrak{Z}_{n}\Vert u_{n}-v_{n}\Vert \bigl\Vert f^{*}f(u_{n}-\hat{u})\bigr\Vert +4\mathfrak{Y}_{n}\Vert u_{n}\Vert \Vert u_{n}-v_{n}\Vert , \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$$ M\ge \sup_{k} \bigl\{ 2\Vert {-}u_{n}\Vert \bigl\Vert u_{n}-\mathfrak{Z} _{n}f^{*}fu_{n}- \bigl(\hat{u}-\mathfrak{Z}_{n}f^{*}f\hat{u}\bigr)- \mathfrak{Y} _{n}u_{n}\bigr\Vert \bigr\} . $$\end{document}$$
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                \begin{document} $$\begin{aligned} &\Vert u_{n+1}-\hat{u} \Vert ^{2} \\ &\quad \le (1-\mathfrak{X}_{n})\Vert u_{n}-\hat{u} \Vert ^{2}+ \mathfrak{X}_{n}\Vert v_{n}-\hat{u} \Vert ^{2} \\ &\quad \le \Vert u_{n}-\hat{u}\Vert ^{2}+ \mathfrak{Y}_{n}M-\mathfrak{X} _{n}\Vert u_{n}-v_{n}\Vert ^{2} \\ &\quad\quad {}-\Vert u_{n}-v_{n}\Vert ^{2}+4 \mathfrak{Z}_{n}\Vert u_{n}-v_{n}\Vert \bigl\Vert f^{*}f(u_{n}-\hat{u})\bigr\Vert \\ &\quad \quad {}+4\mathfrak{Y}_{n}\Vert u_{n}\Vert \Vert u_{n}-v_{n}\Vert , \end{aligned}$$ \end{document}$$ which means that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \mathfrak{X}_{n}\Vert u_{n}-v_{n} \Vert ^{2} & \le \Vert u_{n+1}-u _{n}\Vert \bigl(\Vert u_{n}-\hat{u} \Vert +\Vert u_{n+1}-\hat{u} \Vert \bigr) \\ &\quad {}+\mathfrak{Y}_{n}M-\mathfrak{X}_{n}\Vert u_{n}-v_{n}\Vert ^{2} \\ &\quad {}-\Vert u_{n}-v_{n}\Vert ^{2}+4 \mathfrak{Z}_{n}\Vert u_{n}-v_{n}\Vert \bigl\Vert f^{*}f(u_{n}-\hat{u})\bigr\Vert \\ &\quad {}+4\mathfrak{Y}_{n}\Vert u_{n}\Vert \Vert u_{n}-v_{n}\Vert . \end{aligned}$$ \end{document}$$
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                \begin{document} $$\begin{aligned} &\Vert v_{n}-\hat{u} \Vert ^{2} \\ &\quad =\biggl\Vert P_{S_{i}}\biggl[(1-\mathfrak{Y}_{n})\biggl(u_{n}-\frac{\mathfrak{Z}_{n}}{1-\mathfrak{Y}_{n}}f^{*}fu_{n}\biggr) \biggr] \\ &\quad \quad {}-P_{S_{i}}[\mathfrak{Y}_{n}\hat{u}+(1- \mathfrak{Y}_{n}) \biggl(\hat{u}-\frac{\mathfrak{Z}_{n}}{1-\mathfrak{Y}_{n}}f ^{*}fu_{n} \biggr)\biggr\Vert ^{2} \\ &\quad \le \biggl\langle (1-\alpha ) \biggl(I-\frac{\mathfrak{Z}_{n}}{1-\mathfrak{Y} _{n}}(u_{n}- \hat{u})\biggr)-\mathfrak{Y}_{n}\hat{u},v_{n}-\hat{u} \biggr\rangle \\ &\quad \le (1-\mathfrak{Y}_{n})\Vert u_{n}-\hat{u}\Vert \Vert v_{n}- \hat{u}\Vert +\mathfrak{Y}_{n} \langle \hat{u},\hat{u}-v_{n} \rangle \\ &\quad \le \frac{1-\mathfrak{Y}_{n}}{2}\bigl(\Vert u_{n}-\hat{u}\Vert ^{2}+ \Vert v_{n}-\hat{u}\Vert ^{2}\bigr)+ \mathfrak{Y}_{n} \langle \hat{u}, \hat{u}-v_{n} \rangle, \end{aligned}$$ \end{document}$$ which is equivalent to $$\documentclass[12pt]{minimal}
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It follows from ([3.4](#Equ6){ref-type=""}) and ([3.12](#Equ14){ref-type=""}) that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \Vert u_{n+1}-\hat{u} \Vert & \le (1-\mathfrak{X}_{n})\Vert u_{n}- \hat{u} \Vert + \mathfrak{X}_{n}\Vert v_{n}-\hat{u}\Vert \\ & \le (1-\mathfrak{X}_{n})\Vert u_{n}-\hat{u} \Vert + \mathfrak{X} _{n}\biggl(\frac{1-\mathfrak{Y}_{n}}{1+\mathfrak{Y}_{n}}\Vert u_{n}- \hat{u}\Vert ^{2}+\frac{2\mathfrak{Y}_{n}}{1-\mathfrak{Y}_{n}} \langle \hat{u}, \hat{u}-v_{n} \rangle \biggr) \\ & \le \biggl(1-\frac{2\mathfrak{Y}_{n}\mathfrak{Z}_{n}}{1+\mathfrak{Y}_{n}}\biggr) \Vert u_{n}-\hat{u}\Vert ^{2}+\frac{2\mathfrak{Y}_{n}\mathfrak{Z} _{n}}{1-\mathfrak{Y}_{n}} \langle \hat{u},\hat{u}-v_{n} \rangle. \end{aligned}$$ \end{document}$$
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                \begin{document}$$ \frac{2\mathfrak{Y}_{n}\mathfrak{Z}_{n}}{1-\mathfrak{Y}_{n}} \langle \hat{u}, \hat{u}-v_{n} \rangle \le \frac{2\mathfrak{Z}_{n}(2-\mathfrak{Z} _{n}\rho (G*G))}{\mathfrak{Z}_{n}\rho (G*G)} \langle \hat{u}, \hat{u}-v_{n} \rangle. $$\end{document}$$
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It follows that all the conditions of Lemma [2.5](#FPar5){ref-type="sec"} are satisfied. Combining ([3.13](#Equ15){ref-type=""}), ([3.14](#Equ16){ref-type=""}), and Lemma [3.2](#FPar8){ref-type="sec"}, we can show that $\documentclass[12pt]{minimal}
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Applying the Schrödinger--Itô formula to $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \hat{\mathfrak{X}}_{S}^{i+1}\hat{\mathfrak{Y}}_{S}^{i+1} \\& \quad = \int_{0}^{S}\bigl[\hat{\mathfrak{X}}_{s}^{i+1} \bigl((-f)^{\alpha_{0}}\bigl(s, u _{s}^{i+1} \bigr)-(-f)^{\alpha_{0}}\bigl(s, u_{s}^{i}\bigr)\bigr)+ \hat{\mathfrak{Y}}_{s} ^{i+1}\bigl(b^{\alpha_{0}}\bigl(s, u_{s}^{i+1}\bigr)-b^{\alpha_{0}}\bigl(s, u_{s}^{i}\bigr)\bigr)\bigr]\,ds \\& \quad \leq \int_{0}^{S}\bigl[A^{\alpha 0}\bigl(s,u_{s}^{i+1} \bigr) -A^{\alpha 0}(s,u_{s} {i}),\hat{u}_{s}^{i+1}\bigr]\,d\langle B \rangle _{s}+ \int_{0}^{S}\bigl[\hat{u}_{s}^{i}+A \bigl(s,u_{s} ^{i}\bigr)- A^{\alpha 0} \bigl(s,u_{s}^{i-1}\bigr),\hat{u}_{s}^{i+1} \bigr]\,d\langle B \rangle _{s} \\& \quad \leq \delta \int_{0}^{S}\bigl[\hat{\mathfrak{X}}_{s}^{i+1} \bigl( \hat{\mathfrak{X}}_{s}^{i}-\hat{f}\bigl(s, u_{s}^{i}\bigr)\bigr)+\hat{\mathfrak{Y}} _{s}^{i+1}\bigl(\hat{\mathfrak{Y}}_{s}^{i}+ \hat{b}\bigl(s, u_{s}^{i}\bigr)\bigr)\bigr]\,ds+ \int _{0}^{S}\hat{\mathfrak{X}}_{s}^{i+1}\,d\hat{\mathfrak{K}}_{s}^{i+1} \\& \quad \leq \int_{0}^{S}\bigl[\hat{\mathfrak{X}}_{s}^{i+1} \hat{\mathfrak{Z}} _{s}^{i+1}+\hat{\mathfrak{Y}}_{s}^{i+1} \bigl(\sigma^{\alpha_{0}}\bigl(s, u_{s} ^{i+1}\bigr)- \sigma^{\alpha_{0}}\bigl(s, u_{s}^{i}\bigr)\bigr)+\delta \hat{\mathfrak{Y}} _{s}^{i+1}\bigl(\hat{\mathfrak{Z}}_{s}^{i}+ \sigma \bigl(s, u_{s}^{i}\bigr)\bigr)\bigr]\,d\mathfrak{B}_{s}. \end{aligned}$$ \end{document}$$
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                \begin{document} $$\begin{aligned}& \hat{\mathfrak{X}}_{S}^{i+1}\bigl[\Phi^{\alpha_{0}}\bigl( \mathfrak{X}_{S}^{i+1}\bigr)- \Phi^{\alpha_{0}}\bigl( \mathfrak{X}_{S}^{i}\bigr)\bigr] \\& \quad = \delta \bigl[\hat{\mathfrak{X}}_{S}^{i+1}\hat{ \mathfrak{X}}_{S}^{i}- \hat{\mathfrak{X}}_{S}^{i+1} \bigl(\Phi \bigl(\mathfrak{X}_{S}^{i}\bigr)-\Phi \bigl( \mathfrak{X}_{S}^{i-1}\bigr)\bigr)\bigr] \\& \quad \leq \int^{S}\bigl[\hat{\mathfrak{X}}_{s}^{i+1} \bigl((-f)^{\alpha_{0}}\bigl(s, u_{s}^{i+1} \bigr)-(-f)^{ \alpha_{0}}\bigl(s, u_{s}^{i}\bigr)\bigr)+ \mathrm{Y}_{s}^{i+1}\bigl(b^{\alpha_{0}}\bigl(s, u _{s}^{i+1}\bigr)-b^{\alpha_{0}}\bigl(s, u_{s}^{i}\bigr)\bigr)\bigr]\,ds \\& \quad \leq \delta \int^{S}\bigl[\hat{\mathfrak{X}}_{s}^{i+1} \bigl( \hat{\mathfrak{X}}_{s}^{i}-\hat{f}\bigl(s, u_{s}^{i}\bigr)\bigr)+\hat{\mathfrak{Y}} _{s}^{i+1}\bigl(\hat{\mathfrak{Y}}_{s}^{i}+ \hat{b}\bigl(s, u_{s}^{i}\bigr)\bigr)\bigr]\,ds+ \int _{0}^{S}\hat{\mathfrak{X}}_{s}^{i+1}\,d\hat{\mathfrak{K}}_{s}^{i+1} \\& \quad \leq \int_{0}^{S}\bigl[\hat{\mathfrak{X}}_{s}^{i+1} \hat{\mathfrak{Z}}_{s}^{i+1}+ \hat{\mathfrak{Y}}_{s}^{i+1} \bigl(\sigma^{\alpha_{0}}\bigl(s, u_{s}^{i+1}\bigr)- \sigma^{\alpha_{0}}\bigl(s, u_{s}^{i}\bigr)\bigr)+\delta \hat{\mathfrak{Y}}_{s}^{i+1}\bigl( \hat{\mathfrak{Z}}_{s}^{i}+ \sigma \bigl(s, u_{s}^{i}\bigr)\bigr)\bigr]\,d\mathfrak{B}_{s}. \end{aligned}$$ \end{document}$$

By (H2), (H3), and Lemma [2.6](#FPar6){ref-type="sec"}, we have $$\documentclass[12pt]{minimal}
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Taking a Schrödinger expectation on both sides of ([3.13](#Equ15){ref-type=""}) and noticing that the last two terms are Schrödinger martingales (see \[[@CR14]\]), we get $$\documentclass[12pt]{minimal}
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Moreover, by Lemma [2.5](#FPar5){ref-type="sec"}, we have $$\documentclass[12pt]{minimal}
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By (H1)--(H3), Lemmas [2.3](#FPar3){ref-type="sec"} and [2.5](#FPar5){ref-type="sec"}, and a standard method of estimation, we can derive easily that there exists a positive constant $\documentclass[12pt]{minimal}
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Taking limit in ([3.10](#Equ12){ref-type=""}), we get that, when $\documentclass[12pt]{minimal}
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Conclusions {#Sec4}
===========

By using new Schrödinger type inequalities appearing in Jiang and Usó \[[@CR1]\], we studied the existence of weak solutions of stochastic delay differential systems with Schrödinger--Brownian motions. By using the continuation theorem of coincidence degree theory and the method of Schrödingerean Lyapunov functional, some sufficient conditions were obtained.
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